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1 Abstract

The objective of this report is to understand fundamentals in robot kinematics by analysing
and testing the theory through analytical derivations and simulation. Denavit—Hartenberg con-
ventions were applied to formulate the forward and inverse kinematics of the manipulators.
Jacobian matrices were derived to analyse the end-effector motion and also to identify singular
configurations. A MuJoCo simulation of a robot defined by a URDF model provided a realistic
validation of the theoretical results and demonstrated how to build and manipulate URDF de-
scriptions for real robots. The key findings include identification of singularities and improved
understanding of how to construct URDF files and extract transformation matrices for an actual

robot.

2 Introduction

Robot kinematics is the study of the motion of robot manipulators without considering the
forces that cause the motion. Forward kinematics determines the end-effector pose from given
joint variables, whereas inverse kinematics solves for the joint variables that achieve a desired
pose. The Denavit—Hartenberg (DH) provides a systematic way to assign coordinate and derive
homogeneous transformation matrices between links. The geometric Jacobian, is the partial
derivative of the end-effector pose with respect to joint variables, captures the differential re-
lationship between joints and the linear and angular parts of the end effector. The Jacobian is
also used to identify singularities, where its either multiple DOF or undefined.

The main aim of this coursework is to demonstrate understanding of robotic kinematics
by deriving and validating forward and inverse kinematic models, constructing Jacobians, and
analysing them accordingly. In addition, this work evaluates how theoretical kinematic models
can be verified using modern simulation tools such as MuJoCo and URDF-based robot descrip-
tions. The report therefore combines theoretical derivation, varification (MATLAB/Python),
and practical simulation as a complete workflow for robot analysis.

The coursework comprises three tasks that progressively build upon each other. Task 1
involves a planar 3R arm; using the classical DH table, the homogeneous transformation ma-
trices from the base to the end effector are derived, inverse kinematics is solved for arbitrary
end-effector positions, and the Jacobian is computed to analyse singularities. Task 2 is slightly
more difficult, because of many Z-angles and lengths, making slightly more difficult to analyse,
however the idea of solving is the same. Finally, Task 3 is all about getting used to wroking
with URDF and seeing how robot is working with computer commands.

Computational tools were employed to support the analysis such as MATLAB for checking
the pots and doing some maths. Python (Visual Studio) scripts were used for working with the
Task 3, which is the URDF files and moving the robot arm to Target Poisition.

Overall, the report aims to connect theoretical robot kinematics with practical experience.



The following section provides the theoretical and literature background necessary to under-

stand these methodologies and their relevance to modern robotic systems.

3 Background and Literature Review

Robot kinematics shows the mathematical idea for describing and analysing robotic motion.
Unlike dynamics, which studies forces and torques, kinematics focuses solely on the relation-
ships between robot links and joints. Central concepts include forward kinematics(FK), which
essential first step to determine the pose; Inverse Kinematics (IK), which computes the joint
values required to reach a desired pose; and the Jacobian, which relates joint velocities to end
effector velocities and is crucial for studying singularities. A standard way to show the relation-
ship is the Denavit Hartenberg (DH) convention, which assigns coordinate frames to links using
four parameters: joint angle, link offset, link length, and twist angle. With these parameters,
homogeneous transformation matrices can be constructed to derive FK, IK and the Jacobian.
These principles are essential to solve first 2 tasks.

The maths methods used in this report are mainly derived from material learned from
famous textbooks. Craig’s Introduction to Robotics: Mechanics and Control and Corke’s
Robotics, Vision and Control. These provide the methods for constructing DH tables (both
classical and improved) and explain other essential robot kinematic topics such as FK, 1K, and
Jacobians, all of which guided the analytical work in Tasks1 and2. The King’s College London
robotics lectures further supported the practical methodology, particularly in the understanding
of DH tables, and the math behind the topics needed for the coursework. Online resources such
as Brian Douglas’s YouTube series Robotics: Kinematics and Dynamics and Peter Corke’s
MATLAB Robotics Toolbox tutorials were used to check parts of the mathematical work and to
help visualise the sketch in Task 1.

Beyond analytical solutions, robotic simulation is essential for checking kinematic results.
This motivates the use of the Unified Robot Description Format (URDF), an XML-based mod-
elling standard for representing the geometry and structure of a robot. Tola and Corke’s 2024
paper, “Understanding URDF: A Dataset and Analysis”, demonstrated how URDF encodes
link and joint relationships. These were directly applied in Task 3 when inspecting the URS
XML model imported into MuJoCo. To understand the MuJoCo and some python libraries that
were used, following tutorials were used as practice. MuJoCo URDF Modelling Guide (Deep
Robotics Lab) and Building Robots in MuJoCo (Stanford Al Robotics Group).

Overall, the reviewed literature and theoretical foundations established a consistent working
path for the coursework: from mathematical derivations in Tasks 1 and 2, to simulation in
Task 3. This coursework gave me a complete understanding of how analytic kinematics extends

into modern robotic simulation environments such as MuJoCo.



4 Methodologies of the Tasks

4.1

Terminology and Definitions

Before outlining the methodologies, several key terms are defined for clarity:

4.2

Denavit-Hartenberg (DH) Parameters — a standard scheme for describing a robot
geometry using four parameters per link: link length a;, link twist «, link offset d;, and

joint angle 6;.

Forward Kinematics (FK) — mapping known joint variables to the end-effector pose

by multiplying homogeneous transformations.
Inverse Kinematics (IK) — computing joint variables that give an end-effector pose.

Jacobian Matrix — the matrix of partial derivatives that relates joint-space velocities q

to end-effector linear velocities x; i.e., X = J(q) q.
Singularity — (e.g., det(J) = 0), .

URDF (Unified Robot Description Format) — an XML-based format for describing

robot links, joints, and frames for simulation/visualisation.

XML (Extensible Markup Language) — a structured text format; URDF encodes robot
structure using XML tags.

Task 1: Method

The methodology begins by sketching the robot arm from the provided DH parameters. Each

joint axis is drawn according to the DH table:
The hand-drawn sketch is verified in MATLAB (Robotics System Toolbox) by construct-
ing a rigid-body model from the DH table.

Forward kinematics (FK) are then formulated by multiplying each homogeneous transform

T} , to obtain the overall map 7;. The end-effector position vector is the last column of 7¢,

expressed in terms of q = [q1, ¢, q3] " -

Using this 3 x 1 position vector, the Jacobian is derived by partial differentiation:

Oz Oz Oz

dq1  Og2  Ogs

— |9y 9y 9y

J(q) T | 0qr  Oq2  Ogs3
Oz 0z Oz

g1 9q2 O3

Singularities are identified by testing when det(J) = 0 (equivalently, when the Jacobian

columns become linearly dependent).



4.3 Task 2: Method

For Task 2, the DH table is constructed from the picture given in the coursework, then the

workflow mirrors Task 1:

1. Build the DH table from the image.
2. Derive FK via Tj = T} T?T5.

3. Obtain IK by algebraic manipulation of the FK equations (using standard trigonometric
identities).

4. Compute the Jacobian by partial differentiation of the end-effector position.

In this task, explicit singularity calculation (e.g., det(J) = 0) is not required.

4.4 Task 3: Method

1. Model selection and import. I selected the URS5 6-DoF arm from the MuJoCo repository
and loaded the provided XML (MJCF) with meshes. Units are metres and angles are

radians (<compiler angle="radian">).

2. XML inspection and sketch. I inspected the <body> hierarchy and <joint> defi-
nitions to identify link order, joint types and axes. Based on this, I produced a labelled

sketch/screenshot showing base frame, joints J1-J6 and the end-effector (EE).

3. End-effector positioning. I moved the arm to a Cartesian target [a, b, | in the viewer
(position only, orientation not enforced). I recorded the reached pose and the joint con-

figuration.

4. Conceptual analysis. I explained FK/IK/possible singularities qualitatively—no sym-

bolic derivations—Ilinking observations to the model structure.

4.5 Methodology Summary

Across all tasks, the procedure is consistent:

1. Define or refine DH parameters and frame assignments.
2. Derive forward kinematics by multiplying homogeneous transforms.
3. Solve inverse kinematics by algebraic rearrangement of FK relations.

4. Construct the Jacobian via partial differentiation of the end-effector position.

9

. (Where applicable) Determine singularities from det(.J) = 0.

(@)

. Connect analytical models to URDF/XML for simulation.
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5 Work and Results of the Tasks

5.1 Task 1: Working out and Solution

The manipulator for Task 1 is described by the following Denavit—Hartenberg parameters:

Table 1: D—H parameters for Task 1

1 02 dz a; a;
I 0 ¢ O 0
2 ¢ 0 0 —90°
30 ¢35 0 0
0T3:A1A2A3.
5.1.1 Robot Graph
6
Qs
23; e 2
z I = % 4
' 7 me 3
l Y1
j a1
i
Frame 0

(a) Hand sketch from D-H parameters (paper (b) MATLAB verification with frames shown.
drawing).

Figure 1: Task 1 robot graph: manual sketch and MATLAB visual verification.

5.1.2 Forward Kinematics

Using the standard DH formulation, the three link transforms are obtained from the table.



10 0 0 cosqga 0 —singy 0 1 00

A, = 01 0 O A, — sing, 0 cosqy 0 A= 010
0 01 ¢ 0 -1 0 0 0 0 1 g3
000 1 0 0 0 1 000 1

Here, A, is a pure translation along z, A is a rotation by ¢, about z with a —90° twist about =z,

and Aj is a translation along z by ¢g3. The overall forward kinematics is

0T3 = A1A2A3.

Multiplying Ai matrices gives the final answer, last column is the end-effector that will be

used for inverse kinematics

cosqga 0 —sings —gzsing )
. — (381 Qg2
0 singgp 0 cosqy  (@3C0SQ
I3 = Pee = | g3CO8Q2
0 -1 0 Q1
0 0 0 1 &«

5.1.3 Inverse Kinematics

Let the target end-effector position be p.. = [a, b, c]T. From the FK expression,
a = — g3 sin g, b= gq3cosqa, C={q1.

Step 1: Use sin® ¢, + cos? ¢ = 1. Dividing by g3 (assuming g3 # 0) and square-adding,

2 2

b

(g>+(_) =1 = qu\/mETEO.
a3 a3

Step 2: Recover ¢;. With g3 =1,

a b

singy = ——,  cosqy = —,
r r

hence

q2 = atan2(—a, b).

Step 3: Recover ¢;.



Final IK (principal branch).

g1 = ¢, g3 = Va*+ b2, ¢z = atan2(—a, b).

5.1.4 Jacobian and Singularity Analysis

From

r=—q38ingy, Y =q3Cco8q2, Zz=q,

the analytical Jacobian is

0x/0q1 0x/0qs Ox/dq3
J(q) = Oy/0q1 0y/dq 0Oy/dqs
0z/0q1 0z/0qs 0z/0qs

Entry-by-entry:
Tg =0, Tg = —q3C08¢q2, Ty = —SINQy,

yql = 07 yqz = —q3 Sil’l q2, yqs = COs @2,
2 =1, 24, =0, 24 =0.

Thus

0 —q3cosqy —sing
J(@)= [0 —gzsings cosqy
1 0 0

Singularity condition.

0 —gscosqa —singy
det(J) = [0 —ggsings cosqs | = —q3(cos® go + sin® qp) = [ —q3].
1 0 0

Hence the manipulator is singular when
q3 = 0.
5.2 Task 2: Working out and Solution

5.2.1 Part (1): DH Table

Using the Classic Denavit—Hartenberg convention, the parameters are:



1160, |d;i|a;|
L0035
21010 113]0
3103101010

These parameters follow directly from the geometry: link 1 contains the 90° twist, link 2

has link length /5, and link 3 is a pure revolute joint without any physical link.

5.2.2 Part (2): Forward Kinematics

The homogeneous transformation for each link using the DH parameters is:

Transformation A;:

cosfy 0 sinf; [ycosby cosfly —sinfy 0 Iy cosby cosfs —sinfs 0 0

A, = sinf); 0 —cosf; lisinb; ,— sinfly cosfy 0 Ilysinfy L= sinfl3 cosf3 0 0
0 1 0 0 0 0 1 0 0 0 10

0 0 0 1 0 0 0 1 0 0 01

5.2.3 Angle Sum Identities

Since terms such as cos(f2+65) and sin(0,+05) appear in the final result, we recall the standard
trigonometric identities:

cos(A + B) = cos Acos B — sin Asin B, sin(A + B) = sin A cos B + cos Asin B.

5.2.4 Final Forward Kinematics

The end-effector transform is obtained by:
Tg = A1A2A3.

After symbolic multiplication (details omitted for clarity), the closed-form forward kine-

matics expression is:

[cos 0 cos(fy +03) —cosby sin(fy +63) sin@; (I + Iy cosBy) cosb) |
sinfy cos(fy + 03) —sinfy sin(fy + 03) —cosby (I + ls cosby) sin 6y
T5 =
sin(fy + 03) cos(fy + 63) 0 Iy sin 0,
I 0 0 0 1 |

This expression gives the full forward kinematics of the Task 2 three-link manipulator.



5.2.5 Part (3): Inverse Kinematics

Let the desired end-effector position be (a, b, c) € R®. From the forward kinematics,
a= (I3 +1lycos6s)costy, b= (l1+1lycos6y)sinb;, ¢ =Ilysinb,.

Solving for ¢,. From the first two equations,

0, = atan2(b, a) |

Solving for #,. Define the horizontal distance » = v/a? + b?. Then

r =1y + Iy cos s, ¢ = lysin By,
hence l
r— c
cos by = 1, sinfy = —.
Iy Iy

Using sin? f, + cos? §, = 1 gives the reachability condition
(r—0L)?+c* =12

Thus,

0y = atan2 E, r=h :
la” Iy

Solving for #;. Since link 3 contributes no length and orientation is not constrained,

’ 05 free (arbitrary real value). ‘

Final IK Solution

0, = atan2(b, a),
c vV a? + b2 — ll
6, = atan2 — |,

-, L

s

05 € R.

5.2.6 Part (4): Jacobian of the Manipulator

From the forward kinematics,

x = (I + Iy cos 0s) cos by, y = (1 + Iy cos 6y) sin by, z = lysin 0.



The Jacobian J contains the partial derivatives of (z,y, z) w.r.t. (61, 02, 03):

J = |0y/00, 0y/90s Oy/00s

Derivatives.
g_;l = —(l1 + I3 cos 0y) sin 0y, g—é = —lysin 6y cos 0, g_gg =0,
S—é’l — (I + I cos ) cos 0, g—i — 1 sin By sin 6, g_i o,
5_51:0’ g—;zzlgcosﬁg, 88_92:0'

Final Jacobian

—(ly + Iy cosby)sinf; —lysinfycosh; 0

J=| (lh +1y3co805)cosf; —lysinfysinf; 0

0 Iy cos 0, 0

Since frame {4} has the same orientation as frame {3}, its translational Jacobian is identical

to the position derivatives shown above.

5.3 Task 3: Working Out and Solution
5.3.1 (1) XML Inspection and Sketch of the Robot

The URS model is provided as a MuJoCo XML file. Before running any simulation, I inspected
the XML to understand the robot definition: its link hierarchy, joint axes, and units. The file

specifies a standard 6R serial chain:

base_link — 1inkl — 1ink2 — 1ink3 — 1ink4 — 1ink5 — 1ink6 — EE.

All joints are revolute, with alternating z- and x-axes, matching the known URS kinematic

structure. The numerical axes are read directly from the XML.

Sketch explanation (using the near-origin figure). Since the XML defines the full structure
already, I loaded the model once and used the near-origin screenshot (Fig.|2) also as the required
“sketch”. It clearly shows the chain of six links and the EE. This satisfies the first question
(“draw a sketch of the robot”) while also being used later for analysing a near-origin target.

The red ball is the "near origin’ target which is [100,35,20]Jmm, therefore as you can see from

10



Table 2: URS joint axes extracted from the MuJoCo XML (no limits included).

Joint Parent — Child Axis Type

joint0 Dbaselink — linkl  (0,0,1) revolute
jointl link1 — link2 (—1,0,0) revolute
joint?2 link2 — 1link3 (1,0,0) revolute
joint3 link3 — link4 (—1,0,0) revolute
joint4 link4 — link5 (0,0,1)  revolute
joint5 link5 — link6 (—=1,0,0) revolute

the image, since the target is so close it doesn’t change much from the origin position, hence i

decided to use [100,35,20]cm, therefore there will be some difference.

Figure 2: URS rendered from the XML. This figure serves as the sketch for Task 3 and also
illustrates the near-origin case since the target lies very close to the base.

5.3.2 (2) End-Effector Target Experiments and Analysis

The question then requires loading the robot model, choosing a target [a, b, ¢|7, and analysing
the resulting movement. Because units were not specified, I tested both centimetre and mil-

limetre scales.

Why mm and cm were both tested.
* cm case: provides a meaningful displacement near the workspace boundary.

* mm case: produces almost no visible movement, demonstrating behaviour very close to
the origin (shown above in Fig. 2).
Targets used.

cm: [0.85,0.35,0.20] m, mm: [0.10,0.035,0.020] m

The URS’s effective reach was around 0.85m, so I also tested a target beyond this to show

unreachable/singularity behaviour.
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Reachable target (cm): [0.85, 0.35, 0.20] m. Starting from a home configuration (logged
EE position ~ [—0.173, —0.151, 0.158] m), the arm moved to the target. The final joint vector
was:

q ~ [2.0367, —1.5300, —0.2516, 0.1809, 2.0988, 2.0366]" rad.

Unreachable target (cm): [1.00, 0.35, 0.20] m. This point is outside the robot’s workspace
(=~ 0.85m). The robot moves toward it but cannot reach it. Joint angles stretch and the pos-
ture approaches a singular configuration, which is expected because the IK tries to reduce the

position error but cannot eliminate it.

(a) Reachable target (b) Unreachable target

Figure 3: Comparison of reachable (left) and unreachable (right) targets.

6 Conclusion

This coursework developed a complete understanding of robotic kinematics from analytical
derivations to real simulation. Tasks 1 and 2 focused on the mathematical foundations, where
I constructed the DH table, derived the forward and inverse kinematics, and computed the Ja-
cobian for a 3-DOF robot. All expected results were obtained, including multiple IK solutions
and the singularity condition det(JJ) = 0. MATLAB was used mainly to verify matrices and
visualise the robot model.

Task 3 extended this theory into a real simulation using the UR5 model in MuJoCo. Inspect-
ing the XML helped to understand the robot’s structure, and running the simulation showed
how the kinematic principles from Tasks 1 and 2 directly apply to the robot. Reaching the
target demonstrated success with the analytical models, although limitations such as reach con-
straints and the non-GUI coded setup made debugging more challenging. Despite this, the
simulation reinforced the importance of the earlier theoretical tasks.

Overall, the coursework showed how DH tables, forward and inverse kinematics, Jaco-
bians, and singularity analysis form a connection, which is the key reason for this coursework.
The transition from mathematical calculations to a real simulated robot demonstrated the link

between theory and practice, providing a strong foundation for more advanced robotics work.
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A Appendix

MODEL_XML = "models/panda/mjx_panda.xml"

EE_SITE_NAME "gripper"
TARGET = np.array([0.100, 0.035, 0.020])

Figure 4: Example Python code

model="panda">
angle="radian" meshdir="assets" autolimits="true"/>

integrato plicitfast"/>

class="panda">
specular="0.5" shininess="0.
= axis: -2.8973 2.8973"/>
dyntype="none" biastype="affine" ctrlrange="-2.8973 2.8973" forcerange="-87 87"/>
clas finger">
'0 1 0" type="slide" range="0 0.04"/>

class="visual">

mesh" contype= conaffinity="0" group="2"/>

="collision">
esh" group="3"/>
fingertip_pad_collision_1">
box" size="0.0085 0.004 0.0085" pos="0 0.0055 0.0445"/>

fingertip_pad_collision_2">
box" size="0.003 0.002 0.003" pos="0.0055 0.002 0.05"/>

fingertip_pad_collision_3">
box" size="0.003 0.002 0.003" pos="-0.0055 0.002 0.05"/>

fingertip_pad_collision_4">
box" size="0.003 0.002 0.0035" pos="0.0055 0.002 0.0395"/>

Figure 5: Example XML code
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